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We present a new picture of global symmetry breaking in quantum field theory and propose a 
novel realization of symmetry breaking phenomena in terms of the conserved charge associated with 
its symmetry. In particular, the fermion condensate of the vacuum state is examined when the 
spontaneous chiral symmetry breaking takes place. It is shown that the fermion condensate of the 
vacuum vanishes if the system is solved exactly, and therefore we cannot make use of the Goldstone 
theorem. As a perfect example, we present the Bethe ansatz vacuum of the Thirring model which 
shows the spontaneous chiral symmetry breaking with no fermion condensate. 



I. INTRODUCTION 

The spontaneous symmetry breaking has been exten- 
sively studied in particle physics as well as in condensed 
matter physics. The physics of the symmetry breaking 
is related to many interesting phenomena such as the 
phase transition of ferromagnetism, dynamical mass gen- 
eration, Higgs mechanism and so on. 

In fermion field theory, the chiral symmetry breaking 
has played an important role for understanding the vac- 
uum structure, and indeed it has been discussed repeat- 
edly by many people Q, |^ |^ Q . The importance of the 
chiral symmetry and its breaking is related to the non- 
perturbative aspect of the vacuum of the field theory. 
The property of the spontaneous chiral symmetry break- 
ing cannot be discussed in the perturbation theory, but 
it should be evaluated in an exact or non-perturbative 
fashion. 

The chiral symmetry broken vacuum is first obtained 
by Nambu and Jona-Lasinio [3 who solved the current 
current interaction model (NJL model) in terms of the 
Bogoliubov transformation technique, and this is indeed 
a non-perturbative method. However, it is, at the same 
time, clear that the Bogoliubov vacuum is not exact, that 
is, it is not the eigenstate of the Hamiltonian even though 
it may give a good description of the spectrum of the field 
theory model. In this sense, we have to carefully exam- 
ine the calculated results of the NJL model concerning 
the physics related to the spontaneous chiral symmetry 
breaking. 

In two dimensions, the situation becomes quite differ- 
ent for the symmetry breaking phenomena from the four 
dimensions. There is the Coleman theorem jSj]. Since 
a massless scalar field is not well defined in two dimen- 
sions because of the infrared singularity of the massless 
scalar field, the Nambu-Goldstone (NG) boson cannot ex- 
ist. Due to the Goldstone theorem, Coleman concluded 
that the spontaneous symmetry breaking should not oc- 
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cur in two dimensional field theory. Here, it is important 
to note that the Coleman theorem is meaningful only if 
the Goldstone theorem holds true. 

However, recent careful studies clarify that there ap- 
pears no massless boson after the spontaneous chi- 
ral symmetry breaking in fermion field theory models 
flSMIllIlllIl- There, it is shown that the Goldstone 
theorem only proves that there must be a free massless 
fermion and anti-fermion pair, instead of the NG boson 
if one starts from the finite fermion condensate value. 

In addition, the spontaneous chiral symmetry break- 
ing takes place in the Thirring model as well as in QCD2 
which are in fact two dimensional field theory models. 
Further, the calculations of bosons after the spontaneous 
chiral symmetry breaking in the fermion field theory 
models of the NJL, Thirring and QCD2 predict always a 
finite boson mass or no bosonic excitation (only a gap in 
the excitation spectrum) as long as one starts from the 
proper symmetry broken vacuum state. For the boson 
mass calculation after the symmetry breaking, one should 
take the true vacuum state which breaks the symmetry. 
It should be noted that, if one takes the perturbative vac- 
uum for the boson mass evaluation, then one obtains 
unphysical spectrum. 

In this paper, we reformulate the global symmetry 
breaking phenomena of quantum field theory in terms 
of the eigenvalue problem of the conserved charge asso- 
ciated with the symmetry. In particular, it is shown that 
the fermion condensate of the fermion field theory models 
must vanish for the exact vacuum which breaks the chiral 
symmetry spontaneously. Here, we show a good exam- 
ple of the spontaneous chiral symmetry breaking which 
satisfies all the above conditions with zero fermion con- 
densate. This is the Bethe ansatz solution of the massless 
Thirring model, and the exact eigenstate of the vacuum 
is described analytically 0| . This vacuum shows that 
the chiral symmetry is broken, but there is no fermion 
condensate. The spectrum of the Thirring model is also 
known, and the Bethe ansatz solutions show that the ex- 
citation spectrum of the Thirring model has a finite gap, 
but there is no boson. 

Further, if we solve the Thirring model in terms of 
the Bogoliubov transformation method, then we find that 
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the Bogoliubov vacuum has a finite condensate 0,0,^3- 
Clearly, the finite condensate arises from the approxima- 
tion made in the Bogohubov vacuum state which is not 
the eigenstate of the Hamiltonian. Therefore, it is im- 
portant to understand that the symmetry breaking has 
nothing to do with the fcrmion condensate since the con- 
densate vanishes in the true vacuum state. In this re- 
spect, one sees that the fermion condensate acts as the 
indicator of the approximation rather than the index of 
the symmetry breaking. 

This paper is organized as foUows. In the next sec- 
tion, we critically review the shortcomings of the com- 
mon understanding of the symmetry breaking physics as 
well as Goldstone theorem. In section llTTl we reformulate 
the symmetry breaking physics in terms of the conserved 
charge. Further, we explain the Thirring model as an 
example of the chiral symmetry breaking. Section ^3 de- 
scribes the condensate in the chiral symmetry breaking 
phenomena. We show that the condensate value vanishes 
in the exact vacuum state in the Thirring model. Also 
we reexamine the validity of the Coleman theorem. In 
section we discuss the condensate value of the two di- 
mensional gauge theories. Section IVll summarizes what 
we have learned about the spontaneous symmetry break- 
ing physics in this paper. 

II. OLD PICTURE OF SYMMETRY BREAKING 

A. Charge of symmetry 

In this section, we review the symmetry breaking phe- 
nomena in quantum field theory which has been discussed 
repeatedly until now. Here, the basic notations concern- 
ing the spontaneous symmetry breaking physics are in- 
troduced. 

Suppose that D-dimensional system is invariant under 
the global symmetry group G- In this case, there is a 
conserved current {a — 1, 2, • • • , diraQ) which satisfies 



(2.1) 



The Hamiltonian H of the system is also invariant under 
the symmetry Q whose unitary transformation is given 
by 



where 



Here, we can write 



(2.2) 
(2.3) 
(2.4) 



Now, the vacuum state can break the symmetry, and we 
define the symmetry unbroken vacuum |0) and symme- 
try broken vacuum |f2), respectively, which satisfy the 
following equations. 



Uaia)\0) = |0), 



Ua{a)\n) ^ 



(2.6a) 



(2.6b) 



These equations can be written in terms of the charge 
operator Qa as 



Qa|0) =0, 



(2.7a) 



(2.7b) 



Now, suppose the \n) has the lowest eigenvalue E^. From 
ea. (|2.5|) . we have 

HQa\n)=EnQa\n). (2.8) 

Therefore, the broken vacuum is degenerate. Further, we 
see that 

{QalQa) = {n\QiQa\n) = f {n\j^{x,t)Qa\n). 



In terms of the translation property, we have 

(QalQa) = / d''x{n\jS{Q,t)Qa\n). (2.9) 



However, the right hand side of ea. (|2.9|) should not be 
finite when symmetry is broken. Therefore, we may con- 
clude that the charge of broken symmetry is not well- 
defined [Ulil. 

On the other hand, we also have the relation 



Qa\0)= d^x{0\jS{Q,m. 



(2.10) 



In this case, the right hand side of ea. (|2.10|l should not 
be finite even though symmetry is unbroken. Now, it is 
clear that the illness of ea. l|2.9|l and ea. (|2.10|l has noth- 
ing to do with the property of the charge operator. Fur- 
ther, the operator of the system should have the meaning 
only with the states. Therefore, the commutation rela- 
tion H2.5|l between Hamiltonian H and broken charge Qa 
does not change before and after the symmetry break- 
ing. In this sense, the property of the charge operator 
does not change even after the symmetry breaking. In 
this respect, the statement that the charge operator is 
ill-defined does not make sense. 



Therefore, the charge Qa of the symmetry Q commutes 
with the Hamiltonian H, 



QaH ^ HQa. 



(2.5) 
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Goldstone theorem 



Finally, ea. (|2.14b|) becomes 



The Goldstone theorem claims that, when a continuous 
symmetry is spontaneously broken, a massless scalar field 
should emerge. This massless boson is called Nambu- 
Goldstone(NG) boson flSII. The outline of the proof 
of the theorem is the following. When the symmetry is 
broken, the charge Q of the symmetry should satisfy 

This should be equivalent to the existence of the relation 



S(j){x) = i 



= 1 d^y[jo{y),H^)], (2.11a) 



where 4>{y) is assumed to be a scalar field operator and 

$0 = {n\d(j){x)\n) ^ 0. (2.11b) 

Suppose that 4>{x) can be written in terms of the invari- 
ant delta function A(a; — y) of the scalar field (Kallen- 
Lehmann representation) [3j ^| 



A{x~y)^{n\[cl>{x), 0(y)]|r!) 

d<j^p{cj^)i/\^'>\x-y-a^) 



where p{<j'^) is the spectral function and 
zA(«)(x-y; m^) ee [0/(x), </>/(y)] 



(2.12) 



(2.13) 



is the invariant delta function of the free scalar field <j) f (x) 
with mass m. 

Now, we consider the vacuum expectation value 
[jfj.{x), (j>{y)] \ft). It can be easily verified in terms 
of the Kallen-Lehmann representation of scalar field 
ea. (|TTa that 

POO 

{n\ [j^{x), ct>{y)\ \n) = / dcj^p{a^)id^/S.^^\x - y-a^). 
Jo 

(2.14a) 

Further, 



{n\Tj^{x)<P{y)\n)= / d<j'p{a')td^A^°\x~y;a^), 

(2.14b) 

where Ap\x — y; w?) is the Feynman propagator of a 
massive scalar boson which is given by 



Af{x-y; m") 



d'^k 



z(27r)^ — k"^ — ie 
On the other hand, we have 

{^mym) = [q, 0(y)] \^) 

d\id^{^l\Tj^{x)4>{y)\n) . 



(2.14c) 



$0 = — lim / da 



k^O 



.2 k^Pj^') 

fj2 _ J^2 _ jg 



(2.15) 



Since we have assumed $o 7^ 0; the spectral function can 
be written by 



p{a')^^a5{a')+p'{a'), 



(2.16) 



where p'{(j'^) is some function which vanishes in the limit 
ea. (|2.15|l . In general, the spectral function can be written 
separable in terms of the one particle state whose mass 
is m for the scalar field as 

p(c72)^Z<5(a2-m2)+p'(a2), (2.17) 

where Z is a constant with < Z < 1. 

Correspondingly, if the symmetry is broken or the vac- 
uum expectation value of the scalar field has finite value, 

{Vl\5(t){x)\^l) ^ 0, 

then one expects a massless boson. 

C. Coleman theorem 



In two dimensions, the Feynman propagator H2.14c 
becomes 



dk\ 



-ik-x 



(2.18) 



Therefore, the Feynman propagator of a massless scalar 
field has an infrared singularity. In this case, according 
to Coleman, the vacuum expectation value of the scalar 
field operator S(j) becomes 



$0 = 



(2.19) 



owing to the Wightman axiom. It means that the spec- 
tral function H2.16(l has no massless distribution. There- 
fore, we can conclude with help of Goldstone theorem 
that the symmetry breaking does not occur in two di- 
mensions because of absence of a massless boson. 

However, it is well-known that there is a counter ex- 
ample of Coleman theorem. The chiral invariant Gross- 
Neveu model, which is the two dimensional version of 
the NJL model, has the chiral symmetry broken vac- 
uum and the massless fermion acquires an effective mass 
[l3 | . One attempt to resolve this difficulty is that it may 
be the Berezinski-Kosterlitz-Thouless phenomena jlj . 
However, there is another difficulty of existence of the 
massless boson in massless QCD2 in which 't Hooft pre- 
dicted a massless boson in the 1/iV expansion technique. 
This difficulty should be partially caused by the formula- 
tion of the auxiliary field and the intrinsic problem of the 
1/A'^ expansion 16] and therefore, there should exist no 
massless boson in QCD2 if calculated properly "s^. Fur- 
ther, recent investigations of the massless Thirring model 
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show that the chiral symmetry of the Thirring model is 
indeed broken spontaneously without any boson. 

This contradiction will be resolved when we examine 
the Goldstone theorem and solve the intrinsic problem of 
the theorem. 



D. Intrinsic problem of Goldstone theorem 

As seen in the previous subsection, the Goldstone the- 
orem has been considered to be valid in the models which 
have a broken symmetry. It seems that the Nambu- 
Goldstone boson always appears after the spontaneously 
symmetry breaking. 

However, it should become a completely different story 
when we consider the fermion field theory models. In 
fermion field theory models, i.e. the NJL model and 
Thirring model, for examples, there is no bosonic de- 
gree of freedom in the Lagrangian density. Therefore, 
the boson state must be constructed as a bound state of 
fermions. 

Why can the Goldstone theorem predict a massless 
boson state without considering the bound state problem 
? This is simply because it is a priori assumption in the 
Goldstone theorem. That is, the existence of the scalar 
field operator cj) (here, we called it NG field) as well as the 
spectral property of the boson field, which is represented 
in terms of ea. (|2.12|l . is assumed without considering any 
physical verification. However, for the case of NJL model 
and Thirring model, we cannot accept such a assumption 
since there is no boson field. Therefore, we must prove 
the theorem without eq. H2.12|l for the case of fermion field 
theory models. 

For the NJL model, Nambu and Jona-Lasinio consid- 
ered the bound state problem in terms of the Bethe- 
Salpeter equation 31 and claimed that there is a NG 
boson after the spontaneous symmetry breaking. Un- 
fortunately, however, their calculation of the boson spec- 
trum was based on the perturbative vacuum even though 
the real vacuum is not perturbative one after the sym- 
metry breaking occurred. Therefore, their proof of the 
existence of a massless boson cannot be justified 11]. 

On the contrary, careful calculations in terms of the 
Bogoliubov method, which is the same as Nambu and 
Jona-Lasinio's formulation, show that the boson state 
becomes always massive if one employs the symmetry 
broken vacuum state or proper Bogoliubov vacuum state. 
Further, the Thirring model of two-dimensional fermion 
model has also a massive boson after the spontaneous 
symmetry breaking. 

It should be noted that, even though the Bogoliubov 
transformation method predict that there exists a mas- 
sive boson in the NJL and Thirring models after the 
chiral symmetry breaking, the existence of the massive 
boson itself is not a confirmed statement since the Bo- 
goliubov transformation method is only an approximate 
scheme. Naively, fermions move with the speed of light 
and the interaction of the Thirring model is a delta func- 



tion type. Further, there is no gauge field. That is, the 
interaction between the fermions is effectively the elas- 
tic scattering. Therefore, it should be quite difficult to 
construct any bound state of fermions. 

Indeed, the results calculated by Bethe Ansatz method 
which is an exact method in two dimensional field theory 
model show that there is no boson state in the massless 
Thirring model. 

In this respect, we cannot take the assumption of the 
existence of the NG scalar field for fermion field models 
from the physical point of view. Therefore, the Goldstone 
theorem does not hold for the case of fermion field theory, 
and the Nambu- Goldstone boson does not exist even after 
the chiral symmetry breaking of the NJL and Thirring 
models. 

The absence of the NG boson is natural for the symme- 
try breaking of the two dimensional field theory since any 
massless boson should not exist. Therefore, the Thirring 
and the Gross-Neveu models have a chiral broken phase, 
and as the result, the fermion seems to acquire its mass. 

It is important to comment, here, on the condensate 
value with respect to the chiral symmetry breaking. The 
chiral symmetry breaking of the vacuum must be judged 
by the following equation, 

Q5\^) ^ (2.20) 

where Q5 denotes the chiral charge operator and the 
is the symmetry broken vacuum state. Further, in this 
case, ea. (|2.11b|) becomes 

Since, in the spontaneous chiral symmetry breaking, the 
chiral charge must be conserved, it commutes with the 
Hamiltonian. In this case, the exact vacuum state must 
be the eigenstate of the Hamiltonian, and therefore the 
chiral charge has the same eigenstate as the vacuum state 
of the Hamiltonian. If we take this fact into account, then 
it is easy to prove that the fermion condensate of the 
exact vacuum state must vanish. But at the same time, 
we can show that if we operate the chiral charge Q5 onto 
the exact vacuum state, then we obtain ea. H2.20|l . which 
means that the chiral symmetry is indeed broken. 

In this sense, the equation (|2.15() employed in the Gold- 
stone theorem has lost its meaning. Instead, one should 
discuss the symmetry breaking in terms of the operator- 
induced equation. If one takes the expectation value of 
the operator-induced equation, then one obtains identical 
equation of "0 = 0" due to the orthogonality condition 
between the vacuum state and other states induced by 
the operators, as we will show in the later section. 
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III. NEW PICTURE OF SYMMETRY 
BREAKING 

A. General interpretation 

In quantum mechanics, the system has finite degree of 
freedom, and therefore one representation is equivalent to 
another representation whenever they hnk each other in 
the unitary transformation. Therefore, we can construct 
a physical spectrum (Fock space) based on one definite 
vacuum. On the other hand, it is well-known that, in 
quantum field theory which is the system of infinite de- 
grees of freedom, there are different Fock spaces in one 
theory. This means that it is possible that there exist 
degenerate vacuums and these vacuums are diagonal to 
each other. In this case, we can represent the system in 
terms of the creation and annihilation operator for each 
vacuum. However, the constructed Fock spaces are not 
unitary equivalent to each other. Therefore, we must take 
one Fock space vacuum for physical observation. Here, 
it is important to note that when one Fock space is pre- 
ferred in the possible spaces, the others are forbidden and 
never realized in nature. 

We are lead to an interesting consequence in the spon- 
taneous symmetry breaking phenomena by the possibil- 
ity of the existence for the degenerate vacuums. In this 
phenomena, there are symmetry unbroken vacuum |0) as 
well as the symmetry broken (degenerate) vacuums a) 
which satisfy ea. H2.7|) . Here, the label a in the broken 
vacuum is some distinguishable label of degeneracy. 



10) 



Unbroken vacuum 



in, as) 
broken vacuum 



FIG. 1: The physical vacuum of the symmetry broken phase 
becomes one of the degenerate vacuums 

When the broken vacuum has a lower energy than un- 
broken vacuum, the physical vacuum becomes one of the 
degenerate symmetry broken vacuums, which is sketched 
in FIG^ In this case, the degenerate vacuum can be 
diagonal to each other, 



(17, a\ n, 13) = 5o.0 



(3.1) 



as well as the eigenstate of the Hamiltonian. Therefore, 
after one broken vacuum |f2,Q!i) is selected by the sym- 
metry breaking, the other vacuums |rj,Q!) (a ^ ai) are 
forbidden and never realized in nature except that some 
external disturbance are put into the system by hand. In 
this respect, the instanton picture in which the instanton 



can make transitions from vacuum to vacuum of the 9 
vacua in QCD is only a semi-classical picture. 

Now, we consider how the broken vacuum is parame- 
terized. Let Qa be a charge (generator) of a considering 
symmetry. Let the system be described by the Hamil- 
tonian H and the Hamiltonian be invariant under the 
symmetry. That is. 



Qa.H =0 



(3.2) 



Under the transformation which is generated by Qa, the 
state of the system |$) transforms to another state 1$') 
as 



W) = u{QAm 



(3.3) 



where U{Qa) is a unitary operator of the symmetry. 
When the symmetry is spontaneously broken and the 
vacuum change from the symmetry unbroken (perturba- 
tive) vacuum |0) to the symmetry broken vacuum |r2), 
we can write 



This means that 



c/(Qa)|o) = |o). 



Qa|0) = 0, 



^ 0. 



(3.4a) 
(3.4b) 

(3.5a) 
(3.5b) 



It is important to note that the Hamiltonian H and the 
charge Qa always commute with each other regardless 
the symmetry breaking. The conserved current and its 
associated charge are derived by the Noether theorem. 
How can we realize ea. (j3.5b|l ? From the commutation 
relation ca. (|3.2l) of Qa and H, one sees that the Hamil- 
tonian and the charge are simultaneously diagonalizcd. 
Therefore, we can write the eigenvalue equations of the 
Hamiltonian H and the charge Qa as 



H\n)^En\^), 



QAm^QA\n). 



(3.6a) 



(3.6b) 



That is, the vacuum is an eigenstate of the Hamiltonian 
as well as the charge operator Qa- It means that the 
vacuum can be specified by the breaking charge as 



where 



{En,Q'A\En,QA) =6q> 



(3.7) 



(3.8) 



Therefore, the broken vacuums are degenerate and are 
specified by the eigenvalue of the symmetry breaking 
charge. Further, it should be noted that the eigenvalue 
of the continuous symmetry is not necessarily a contin- 
uous value. For example, the eigenvalue of the angular 
momentum in quantum mechanics has discrete values. 
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B. Chiral symmetry breaking and Thirring model 

As seen in previous subsection, the symmetry breaking 
phenomena can be described in terms of the vacuum's 
eigenvalue of the symmetry breaking charge. However, 
since the symmetry breaking phenomena should be a 
non-perturbative physics, we must find the vacuum in 
a non-perturbative way. Unfortunately, it is difficult to 
find the non-perturbative vacuum of the quantum field 
theory even in an approximate scheme except for free 
fields. However, fortunately, the chiral invariant Thirring 
model which is a non-trivial field theory in two dimen- 
sions is exactly solved by the Bethe ansatz technique . 
It is found that there are two types of vacuum. One 
is that the chiral symmetry is preserved and the other 
is that the chiral symmetry is not preserved. Further, 
the symmetry broken state has the lower energy than 
the symmetry preserved vacuum. Therefore, the physi- 
cal vacuum of the Thirring model becomes a symmetry 
broken vacuum. We sketch the dispersion relations of the 
broken vacuum in FIG. [21 whose analytic formulation ^ 
will be given in the next section. 

(a) B„ 



(b) 



Ed 



FIG. 2: The dispersion relation of the broken vacuum for the 
Thirring model. One has Qs = 1 (a) and the other Q5 — ~1 
(b). 

Note that the chiral charge is the subtraction be- 
tween the number of the left mover and the right mover 
fermions. 



= Nr - Nr. 



(3.9) 



where Nl^h are the number of the left mover and the 
right mover, respectively. Indeed the number of the right 
mover and left mover fermions is different by one in the 
broken vacuum. Therefore, one corresponds to the eigen- 
state of the chiral charge Q5 = 1 and the other corre- 
sponds to the charge = —1. Accordingly, the chiral 
symmetry of the Thirring model is spontaneously broken 



and the physical vacuum becomes one of the eigenstate of 
the chiral charge operator whose eigenvalue is ±1. After 
all, the vacuum of the Thirring model is classified by the 
chiral charge. 



C. Coleman theorem and symmetry breaking 
phenomena in two dimensions 

The above results seem to be inconsistent with the 
Coleman theorem as well as Goldstone theorem. How- 
ever, as we have learned above, there is an intrinsic prob- 
lem in Goldstone theorem. The NG boson does not nec- 
essarily exist after symmetry breaking. Further, it is im- 
portant to note that the Goleman theorem cannot be 
verified since the vacuum expectation value of the scalar 
operator dcj) becomes zero in two dimensions. Finally, we 
can conclude in usual sense that the chiral symmetry of 
the Thirring and Gross-Neveu models is spontaneously 
broken and fermion seems to acquire its mass. 

However, there seems to be a problem since Coleman 
theorem indicates that 



{n\ij;il;\n) = 



(3.10) 



for the case of chiral symmetry breaking. The condensate 
value (fllipiplfl) has been believed to be an order param- 
eter of the chiral symmetry breaking although there is 
no proof as to in which way the condensate value can 
measure the chiral symmetry breaking. 

Surprisingly, we can find a good example for this case. 
This is the Thirring model. In the next section, we will 
show that the condensate value of the Thirring model is 
exactly zero even though the symmetry is spontaneously 
broken. Therefore, we conclude that the Coleman theo- 
rem in the Thirring model only states that the condensate 
value vanishes in two dimensions. 



IV. CHIRAL SYMMETRY BREAKING AND 
CONDENSATE 

A. General interpretation 

First, we review and reexamine the Goldstone theo- 
rem that has played a central role for understanding the 
symmetry breaking and its massless boson after the spon- 
taneous chiral symmetry breaking [l|, 0] ■ When the La- 
grangian density has the chiral symmetry which can be 
represented by the unitary operator U{a), there is a con- 
served current associated with the symmetry 



(4.1) 



In this case, there is a conserved chiral charge Q5 which 
is defined as 



Q5 = / j!{x)d'x. 



(4.2) 
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The Hamiltonian H of this system is invariant under the 
unitary transformation U (a) , 



U{a)HU{a)-^ = H. 



(4.3) 



Therefore, the chiral charge Q5 commutes with the 
Hamiltonian iJ, 



Q5H = HQ5 



(4.4) 



Now, the vacuum state can break the symmetry, and 
we define the symmetric vacuum |0) and symmetry bro- 
ken vacuum |f2), respectively, which satisfy the following 
equations, 



Qsio) = 0, 



(4.5a) 



(4.5b) 



Since the Q5 commutes with the Hamiltonian, the Q5 has 
the same eigenstate as the Hamiltonian. If we define the 
symmetry broken vacuum state \Q) by the eigenstate of 



the Hamiltonian H with its energy eigenvalue Eq, then 
we can write 



H\n) = En\n). 



(4.6) 



In this case, we can also write the eigenvalue equation 
for the Q5 



Q5\n)^Q5\n) 



(4.7) 



with its eigenvalue Q5. These equations should hold for 
the exact eigenstates of the Hamiltonian. 

In the Goldstone theorem, one starts from the follow- 
ing commutation relation which is an identity equation. 



Q5, / 1p{x)j54'{x)d^X 



^P{x)^P{x)(fx. (4.8) 



Now, if we take the expectation value of the symmetry 
broken vacuum |f2) which is the eigenstate of the Hamil- 
tonian as well as Q5, then we obtain for the left hand 
side as 



Qs, / V'(a;)75V'(a;)rf^x 



\n) = {n\Q5 I i^{x)^5^{x)d'x - ( / ^{x)^5i;{x)d'x ) Qslf^) = o 

I 



(4.9) 



with the help of ea. H4.7|l . This means that the right hand 
side of ea. H4.8|l must vanish, that is. 



(i7| / ^{x)^{x)(fx\n) = 0. 



(4.10) 



Therefore, the exact eigenstate has no condensate in the 
symmetry broken vacuum. What does this mean ? The 
relation of eq. H4.8|l has repeatedly been used, and if there 
is a finite condensate, then the symmetry of the vacuum 
must be broken since the left hand side of eq. (|4.8|) van- 
ishes due to ea. (|4.5al) for the symmetric vacuum state. 
However, the exact eigenstate shows that the condensate 
must vanish if the vacuum is the eigenstate of the Hamil- 
tonian even for the symmetry broken vacuum state. 

The way out of this dilemma is simple. One should not 
take the expectation value of the vacuum state. Instead, 
the index of the symmetry breaking in connection with 
the condensate operator F, 



(4.11) 



(4.12) 



r = Jd^x^{x)^{x), 

should be the following equation 

t\n) = \n') + Ci\n) 



where |f2') denotes an operator- induced state which is 
orthogonal to the Ci is related to the condensate 



value. For the exact eigenstate which breaks the chiral 
symmetry, we find 

Ci = 0. 

In this case, the identity equation of ()4.8|l can be ap- 
plied to the state and we obtain 

(Qs - Q5) J ^p{xh5^bix)d''x\n) = -2\n') (4.13) 

with the help of eq. (|4.7|l . Eq. (|4.13|l indeed holds true for 
the exact eigenstate. It is now clear that one should not 
take the expectation value of ea. H4.8|l . 



B. Exact solution of Thirring model 

There is one example which perfectly satisfies the 
above requirements of the spontaneous chiral symmetry 
breaking and zero fermion condensate. That is the Bethe 
ansatz vacuum of the massless Thirring model ilQ] . In 
the Bethe ansatz solution, the vacuum state is obtained 
exactly |23, |^ 113, 0, 113 , and this vacuum state breaks 
the chiral symmetry, contrary to Coleman's theorem j^. 
However, it is shown that there is no bosonic state, and it 
has only a finite gap. Therefore, there is no contradiction 
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with the fact that there should not exist any massless bo- 
son in two dimensions, which is the basis of Coleman's 
theorem. 

Now, we denote the right and left mover fcrmion cre- 
ation operators by aj, , b\, respectively, and thus the vac- 
uum state can be written as 



(4.14) 



where |0^) denotes the null vacuum state with 
afcHO.) = 0, 5fe.|0„)=0. 

The Bethe ansatz solution tells us that the momenta fc[ 
and fcj should satisfy the periodic boundary condition 
(PBC) equations. These PBC equations are solved ana- 
lytically and the momenta fc[ for right mover and /cj for 
left mover are given as 9] 



■(f) 



(4.15a) 



for rii 



-1,-2,. 



^!^^--'(f 



^ L L 



tan 



-(f) 



(4.15c) 



for ni = 0, 

for = 1,2,--- ,iVo. 

Here, g, L and Nq denote the coupling constant, the 
box length and the particle number in the negative energy 
state, respectively. The cutoff A is defined as 



27riVn 



We note that the negative energy Ey of the vacuum state 
can be written as 

Ey — kl for right mover 



Ey ~ — for left mover. 



Now, the condensate operator T can be written as 
f - /" i^{x)i^{x)dx = ^(6j.a„ + aibr,). (4.16) 

(4.15b) Therefore, ea. H4.12|l becomes 



an + a, 



n ' 



•kl[blbi\0y) +11, 



n 



(4.17) 



Clearly, the right hand side of ea. H4.17|l is different 
from the vacuum state of the Bethe ansatz solution of 
ea. (|4.14l) . and therefore denoting the right hand side of 
ea. (|CT7ll by we obtain 

m = ^(6t a„ + aib^m = (4.18) 

n 

Obviously, the Ci of ea. H4.12|) is zero in the massless 
Thirring model, and indeed this confirms ea. H4.10|l . 

It is now clear and most important to note that one 
cannot learn the basic dynamics of the symmetry break- 
ing phenomena from the identity equation. If one wishes 
to study the symmetry breaking physics in depth, then 
one has to solve the dynamics of the field theory model 
properly. 



C. Bogoliubov vacuum of Thirring model 

Now, the massless Thirring model is also solved by 
the Bogoliubov transformation method |^, 0, ^3 ■ In this 



case, the fermion condensate has a finite value as 



{n\ / iP{x)^p{x)dx\fl} = 

g sinh 



Further, the calculation shows that there is one massive 
boson. Comparing this result with the Bethe ansatz so- 
lution, we get to know where the Bogoliubov approxi- 
mation goes wrong as far as the condensate evaluation 
is concerned. That is, the Bethe ansatz solutions show 
that the negative energy states of the left and right mover 
fermions are not mixed up with each other while the en- 
ergy dispersions of the two fermions in the Bogoliubov 
vacuum are connected to each other. This causes the 
finite fermion condensate in the Thirring model in the 
Bogoliubov transformed vacuum which is not the eigen- 
state of the Hamiltonian. 
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V. CONDENSATE AND TWO DIMENSIONAL 
GAUGE THEORY 

A. Schwinger model 

The Schwinger model is known to be solved exactly and 
can be converted to a free massive boson Hamiltonian. 
The mass of the Schwinger boson is given as 



M 



(5.1) 



where g denotes the gauge coupling constant. 

It also breaks the chiral symmetry. However, in this 
model, the chiral charge Q5 is not conserved due to the 
anomaly [2^ |2^ . Therefore, the symmetry break- 
ing is not spontaneous, and thus we cannot discuss the 
symmetry breaking in the same way as we discussed in 
section HVl The basic point is of course that the chiral 
charge does not commute with the Hamiltonian. The 
Schwinger model has indeed a finite condensate value 

I i:{x)ip{x)dx\n) = 0.283-7=. (5.2) 
^ J V 

In this respect, the finite fermion condensate of the 
Schwinger vacuum is not inconsistent with the chiral 
symmetry breaking as discussed in section IIVI How- 
ever, the condensate value is just the same as the one 
that is calculated by the vacuum state which is obtained 
from the Bogoliubov transformation. Since the Bogoli- 
ubov vacuum is not exact, it is not very clear whether the 
condensate vaule is exact or not. In any case, it should 
be carefully examined whether the fermion condensate of 
the vacuum state has any physical meaning or not. 



B. QCD in two dimensions 

Recently, careful studies of QCD2 in two dimensions 
have been carried out by employing the Bogoliubov trans- 
formation method j^. The calculated results show that 
the vacuum has the finite fermion condensate which 
agrees very well with the calculation of the 1 /Nc expan- 
sion method. This condensate value is given as 



{n\- / ip{x)'ip{x)dx\n) 



Nr. 



Nc9^ 



12 V 2tt 



(5.3) 



The spectrum obtained in |3| shows that there is one 
bound state (a massive boson), and the boson mass is 
expressed as 



M 



Nc9^ 
37r 



(5.4) 



where the formula must be good for large Nc region. 

From the argument in section Hvl the fermion conden- 
sate must vanish for QCD2 if it is solved exactly. Up to 



now, the vacuum of QCD2 has been solved only in terms 
of the 1/-/Vc expansion approximation or the Bogoliubov 
transformation. It would be extremely interesting to find 
the exact vacuum state of QCD2, and this is indeed a 
good problem to be solved in future. 



VI. CONCLUSIONS 

In the recent papers, we have shown that the Goldstone 
theorem in the fermion field theory models does not lead 
to the existence of the massless boson after the sponta- 
neous chiral symmetry breaking [ESIEISOjEI ■ There, 
we started from the finite fermion condensate value and 
showed that the identity equation of eq. (|4.8(l cannot be 
used for proving the appearance of the massless boson. 
Also, it has been shown by numerical calculations that 
there is indeed no Goldstone boson in the fermion field 
theory models of the NJL, Thirring and QCD2 after the 
spontaneous symmetry breaking takes place. 

Here, it is even more surprising that the exact eigen- 
state of the Hamiltonian leads to the conclusion that the 
fermion condensate must vanish for the symmetry bro- 
ken vacuum state. Therefore, we cannot make use of 
the identity equation of the Goldstone theorem since the 
right hand side of the equation, that is, the fermion con- 
densate vanishes for the exact symmetry broken vacuum. 

In this paper, we have shown that the Bethe ansatz so- 
lutions of the Thirring model present a perfect example 
that satisfies all the necessary and sufficient conditions in 
the spontaneous chiral symmetry breaking and its vac- 
uum structure. The fermion condensate vanishes for the 
exact vacuum which breaks the chiral symmetry. The 
identity equation of the Goldstone theorem holds as the 
operator-induced equation, but has no meaning as the 
expectation value. All the requirements of the symme- 
try breaking phenomena are realized in the Bethe ansatz 
vacuum of the Thirring model. 

Unfortunately, there is no exact solvable model in four 
dimensions. However, the NJL model is quite similar 
to the Thirring model apart from the renormalizability 
in the perturbative calculation, and the solution of the 
NJL model must be quite similar to that of the Thirring 
model, concerning the zero condensate and a finite gap 
in the excitation spectrum. 

Further, we should comment on QCD in four dimen- 
sions since real nature must be described by QCD in 
four dimensions. However, there is no chiral symmetry in 
QCD in four dimensions due to the finite mass of quarks, 
and therefore there is no point to discuss the chiral sym- 
metry breaking in QCD in four dimensions. 

We thank Prof. K. Fujikawa for useful discussions and 
helpful comments. 
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